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The motion of a viscous deformable droplet suspended in an unbounded Poiseuille flow in the 
presence of bulk-insoluble surfactants is studied analytically. Assuming the convective transport 
of fluid and heat to be negligible, we perform a small-deformation perturbation analysis to obtain 
the droplet migration velocity. The droplet dynamics strongly depends on the distribution of 
surfactants along the droplet interface, which is governed by the relative strength of convective 
transport of surfactants as compared with the diffusive transport of surfactants. The present study 
is focused on the following two limits: (i) when the surfactant transport is dominated by surface 
diffusion, and (ii) when the surfactant transport is dominated by surface convection. In the first 
limiting case, it is seen that the axial velocity of the droplet decreases with increase in the 
advection of the surfactants along the surface. The variation of cross-stream migration velocity, 
on the other hand, is analyzed over three different regimes based on the ratio of the viscosity of 
the droplet phase to that of the carrier phase ( )λ . In the first regime ( )~ 0.7λ <  the migration 
velocity decreases with increase in surface advection of the surfactants although there is no 
change in direction of droplet migration. For the second regime ( )~ 0.75 11λ< < , the direction 
of the cross-stream migration of the droplet changes depending on different parameters. In the 
third regime ( )~ 11λ > , the migration velocity is merely affected by any change in the surfactant 
distribution. For the other limit of higher surface advection in comparison to surface diffusion of 
the surfactants, the axial velocity of the droplet is found to be independent of the surfactant 
distribution. However, the cross-stream velocity is found to decrease with increase in non-
uniformity in surfactant distribution.   
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 I. INTRODUCTION 
 The dynamics of deformable droplets suspended in a pressure driven flow has been of 
great interest to the scientific community due to its wide applications in different microfluidic 
devices.1–3 Some of the common usages of this droplet based devices includes cell encapsulation, 
reagent mixing, analytic detection and drug delivery.1,4–7 Surface active agents are quite common 
in microfluidic devices, which are found useful for the purpose of droplet generation, 
stabilization of various emulsions as well as controlling the properties of polymer blends and 
emulsions.8–11 The surface tension at the droplet interface is found to decrease in regions of high 
surfactant concentration on the droplet surface.12 Thus a thorough understanding of the dynamics 
of a surfactant laden drop is required in order to optimize various flow characteristics. 
 The study of droplet dynamics in a pressure driven flow has been the focus of research, 
both theoretically and experimentally, since a long time.13–15 Haber and Hetsroni first studied the 
droplet dynamics of a non-deformable Newtonian droplet with a clean interface suspended in 
another Newtonian fluid with an imposed Poiseuille flow.16 However, the effect of different non-
linear effects like deformation, inertia14,17,18 or fluid viscoelasticity19 on droplet dynamics were 
later on investigated. It has been shown that an eccentrically placed deformable droplet, in the 
absence of any other non-linear effects migrates axially as well as in the cross-stream 
direction.16,19–23 Chan et al., in their work, have consider both the effects of deformability and 
viscoelasticity.19 They have shown that a Newtonian deformable droplet, which when suspended 
in a second-order fluid undergoing Poiseuille flow, migrates away from the flow centerline for 
0.5 10λ< < , where λ  is the ratio of the droplet phase viscosity to the viscosity of the 
suspending phase. For any other values of λ , the droplet always migrates towards the channel 
centerline. 
 For a surfactant-free or a clean droplet, the droplet deformation is solely controlled by the 
ratio of the viscous forces to the surface tension forces acting on the droplet.24,25 However, in the 
presence of different contaminants or surfactants on the droplet interface, surface tension is 
reduced and may become non-uniform depending on distribution of the surfactants. Previously 
performed experiments show that there exists a relationship between shape deformation of 
droplet, surfactant redistribution on droplet surface and bulk flows.10,26–30 Quite a number of 
theoretical studies have considered the dynamics of a surfactant laden spherical droplet. Haber 
and Hetsroni in their analysis derived the expression for the terminal settling velocity of a 
surfactant covered droplet suspended in an arbitrary flow.31 They performed only a leading order 
analysis without consideration of any correction to the spherical shape of the droplet. Later 
Hanna and Vlahovska considered a surfactant-laden droplet in a Poiseuille flow.32 They showed 
that the droplet migrates towards the flow centerline due to the flow-induced asymmetry in 
surfactant concentration along the surface of the droplet. They performed an asymptotic analysis 
2 
 
for the limiting case in which the surfactant transport along the droplet surface is dominated by 
surface advection. Pak et al. recently in their work did a similar asymptotic analysis for the 
limiting case of surface diffusion dominated surfactant transport. In either of the studies no 
droplet deformation was taken into consideration.33  
It has been shown experimentally as well as numerically by Stan et al. that deformation 
plays an important role in determining the dynamics of a droplet.13 They showed that 
deformation-induced lift force affects the lateral migration characteristics of the droplet. 
Vlahovska et al. in their study used a small-deformation asymptotic method to analyze the effect 
of surfactant induced Marangoni stress on the dynamics of a droplet suspended in a linear flow.34 
They took into account a shape correction to the spherical droplet and performed the study for 
the limiting case when the main mode of surfactant transport along the droplet surface is by 
advection. However, any study on the dynamics of a surfactant-laden deformable droplet 
suspended in a Poiseuille flow is missing in the literature. In the present study, we see how the 
deformation as well as bulk flow induced surfactant redistribution on the droplet surface affects 
the axial as well as the lateral migration of the droplet. Towards this, we use a small-deformation 
asymptotic analysis to tackle the non-linearity present in the problem due to the coupled set of 
non-linear governing equations. The transport of surfactants along the droplet surface due to 
advection couples surfactant distribution with the flow field. Neglecting fluid inertia and thermal 
convection, we thus perform an asymptotic analysis for two different limits: (i) when the 
surfactant transport along the droplet surface is dominated by surface diffusion and (ii) when the 
surfactant transport is dominated by convection. The presence of surfactants on the droplet 
surface not only alters the magnitude of droplet velocity, but also changes the direction of 
migration, irrespective of .λ  
 
II. PROBLEM FORMULATION 
A. System description 
The system under analysis consists of a neutrally buoyant Newtonian droplet of undeformed 
radius a  and having density ρ  and viscosity iµ . The droplet is suspended in another Newtonian 
medium of density and viscosity of ρ  and eµ  respectively. Surfactants, insoluble in either of the 
phases are assumed to be present at the interface of the droplet. The advection as well as 
diffusion of the surfactants takes place along the droplet surface. A schematic of the physical 
system is provided in Fig. 1. The change in concentration of the surfactant molecules on the 
droplet surface, due to the presence of the imposed Poiseuille flow, alters the interfacial tension 
( )σ . This surface tension depends solely on the surfactant distribution ( )Γ  along the droplet 
interface. All the other material properties in the present analysis are assumed to be constant. The 
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uniform surfactant distribution on the surface of the droplet, suspended in a quiescent medium, is 
denoted by eqΓ . The corresponding surface tension for the case of a surfactant-free droplet is 
denoted by .eqσ  This equilibrium surfactant distribution is disturbed due the presence of the 
imposed Poiseuille flow ( )∞V  which causes advection of the surfactant molecules. The resulting 
non-uniform distribution of surfactants along the interface generates Marangoni stress which 
causes deformation of the droplet as well as alters its migration velocity. The aim of the present 
study is to investigate the combined effect of an imposed Poiseuille flow, shape deformation and 
surfactant distribution on the migration characteristics of the droplet. We, in our analysis, have 
considered a spherical coordinate system ( ), ,r θ ϕ  attached to the centroid of the undeformed 
spherical droplet (see Fig.1).  
 
B. Assumptions 
We make use of the following assumptions to simplify the governing equations and their 
corresponding boundary conditions. 
Fig. 1. Schematic of a droplet of radius a  suspended in an cylindrical Poiseuille flow ( )∞V . 
The droplet is initially placed in an eccentric position at a distance e  from the centerline of 
flow. Both the spherical ( ), ,r θ ϕ  and the Cartesian ( ), ,x y z  coordinates system are shown, 
with the x  axis being directed away from the flow centerline. 
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(i) The inertial effect on the flow field is neglected. The flow field is assumed to be dominated 
by the viscous and the pressure forces, that is the hydrodynamic Reynolds number 
( )c eV aRe ρ µ=  is taken to small enough. Here cV  is the centerline velocity of the imposed 
Poiseuille flow.  
(ii) The surfactant is assumed to be bulk-insoluble.35 
(iii) A linear dependence of the interfacial tension on the surfactant concentration is assumed.36,37 
(iv) The droplet is assumed to be suspended in an unbounded domain. That is the effect of 
bounding walls, if present, are assumed to be negligible due to small size of the droplet. 
(v) Only small deformation of the droplet is considered. This is possible when the surface tension 
force dominates the viscous forces trying to deform the droplet. This can be mathematically 
represented as * 1Ca  , where * e c eqCa Vµ σ=  is the Capillary number denoting the ratio of the 
viscous forces to the surface tension forces.  
C. Governing equations and boundary conditions 
The flow field is governed by the continuity and Navier-Stokes equations. However, due to the 
assumption of small Reynolds number, the inertia terms are neglected and the governing 
equation reduces to the simplified continuity and Stokes equations. The governing equations for 
both the phases, inside as well as outside the droplet are provided below 
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with ( ), pu  being the velocity and pressure fields respectively. The subscripts ( ),i e  are used to 
denote quantities inside and outside the droplet respectively. The far-field condition satisfying 
the above set of governing equations are written below 
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where U  is the droplet migration velocity vector, ( ), p∞ ∞V  are the velocity and pressure at the 
far-field. The far-field imposed velocity profile is written below in accordance to the spherical 
coordinate system (attached to the centroid of the droplet) in the following form 
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where, R  denotes the position of the zero imposed velocity with respect the centerline of flow. 
The velocity as well as the pressure fields inside the droplet, ( ),i ipu  is bounded at the centroid 
of the droplet, 0r = . Other than these, the boundary conditions at the droplet interface for the 
flow field are the kinematic boundary condition (or the no penetration boundary condition), the 
tangential velocity continuity condition and the condition for balance between the hydrodynamic 
and surfactant Marangoni stress. These boundary conditions are written below, respectively, in 
the following form 
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where, sr  represents the surface of the droplet and ( )s = − ⋅I nn∇ ∇  is the surface gradient 
operator. The total stress tensors inside as well as outside the droplet are given by 
( )Ti i i i ip µ  = − + + I u uτ ∇ ∇  and ( )
T
e e e e ep µ  = − + + I u uτ ∇ ∇ . n is the unit normal to the 
surface of the droplet and is given by 
 ,F
F
=n ∇
∇
 (5) 
where, sF r r= −  is the equation of the surface of the droplet. 
 The Marangoni stress is dependent on the surface tension of the droplet ( )σ . As per our 
assumption, the surface tension depends linearly on the surfactant concentration and can be 
represented through an equation of state in the following form36,37 
 ,eq g oR Tσ σ= − Γ  (6) 
where oT  is any reference temperature and gR  is the universal gas constant.  
The local surfactant concentration Γ  is governed by the surfactant transport equation and can be 
written as26 
 ( ) 2 ,s s s sD⋅ Γ = ∇ Γu∇  (7) 
where, sD is the surface diffusivity of the surfactants and su  is the interfacial fluid velocity. 
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With the dimensional governing equations and boundary conditions at hand we move forward to 
expressing these in their non-dimensional form. Towards this we first define a non-dimensional 
scheme as follows 
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 It should be kept in mind that all dimensional quantities are denoted by an ‘overbar’, 
whereas for the non-dimensional quantities as well as the material  properties no ‘overbar’ is 
used. The other non-dimensional entities encountered while deriving the dimensionless set of 
governing equations and boundary conditions are: (i) the viscosity ratio, i eλ µ µ= , (ii) the 
elasticity parameter, eq o eqRTβ σ= Γ , which indicates the sensitivity of the surface tension to a 
change in the local surfactant concentration, (iii) the modified capillary number, 
( )* 1Ca Ca β= − , and (iv) the surface Péclet number, s c sPe V a D= , which signifies the relative 
strength of the transport of surfactants due to convection as compared to that due to surface 
diffusion. From equation (6) it is clearly seen that ( )eqd dβ σ σ= − Γ , thus inferring that the 
equilibrium surface tension for a surfactant-laden droplet in the absence of any bulk flow is 
given by ( )1eqσ β−  corresponding to a uniform surfactant concentration of eqΓ . It is thus more 
convenient to consider the capillary number based on the equilibrium surface tension of a 
surfactant laden drop rather than that of a clean drop. This is the reason for the usage of a 
modified capillary number. 
 With the help of the above mentioned non-dimensional scheme, the dimensionless 
governing equations for the velocity and the pressure field can be rewritten in the following form 
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and the corresponding non-dimensional boundary conditions are given by 
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The last boundary condition which is the stress balance condition is obtained by usage of the 
non-dimensional form of the equation of state given by 
 1σ β= − Γ  (11) 
It should be kept in mind that the surface tension in the above equation is based on the modified 
capillary number and can be expressed as 
 
( )
.
1eq
σσ
σ β
=
−
 (12) 
This shows that β  is bounded between 0 and 1. Finally, the surfactant transport equation in its 
dimensionless form is represented as 
 ( ) 2· .s s ssPe Γ = ∇ Γu∇  (13) 
The mass conservation constraint for the surfactants present on the droplet surface has to be also 
fulfilled while solving for the surfactant concentration and is provided below 
 ( )
00
2
, sin 4 .d d
ππ
ϕ θ
θ ϕ θ θ ϕ π
= =
Γ =∫ ∫  (14) 
 Looking into equation (13), it is seen from the non-linear surfactant convection term on 
the left hand side of the same equation that the flow field and surfactant transport are coupled 
and has to be solved simultaneously. The solution of the flow field as well as the surfactant 
concentration is analytically not possible from the above set of equations in its present form. 
Thus an asymptotic approach is used to solve for the flow field.32,33 This asymptotic analysis is 
done for the following two special limiting cases: (i) Low surface Péclet number, 1sPe  , which 
signifies that the dominant mode of surfactant transport along the droplet surface is by surface 
diffusion. It physically signifies a large value of surface diffusivity of the surfactants. (ii) Large 
surface Péclet number, 1sPe  , denoting that convection is the main mode of surfactant 
transport. This physically indicates a low value of surface diffusivity.34 
 
III. ASYMPTOTIC SOLUTION 
 We first represent the different field variables in terms of spherical solid harmonics. We 
start with the velocity and pressure fields in either of the phases. The velocity and the pressure 
fields inside the droplet satisfy the Stokes equation and thus the general Lamb's solution can be 
used to express them in terms of growing spherical solid harmonics as follows 
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where, ,np  nΦ  and nχ  are growing spherical solid harmonics which can be expressed as 
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where, ( ), cosn mP θ  are associated Legendre polynomials of degree n and order m. In a similar 
manner, the velocity  and the pressure fields outside the drop can be expressed as combination of 
the decaying solid spherical harmonics and the far field quantities. A proper representation of the 
outer phase flow variables is given below 
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where 1,np− −  1n− −Φ  and 1nχ− −  are the decaying solid harmonics and are given by 
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Towards calculating the velocity and the pressure fields, the constant coefficients, , ,n mA  , ,n mB  
, ,n mC  1, ,n mA− −  1, ,n mB− −  1, ,n mC− −  ,ˆ ,n mA  ,ˆ ,n mB  ,ˆ ,n mC  1,ˆ ,n mA− −  1,ˆ n mB− −  and 1,ˆ n mC− − , are found out from 
the remaining boundary conditions at the droplet interface namely the kinematic condition, the 
tangential velocity continuity condition and the tangential stress balance condition. The 
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tangential component of stress balance can be obtained from the stress balance condition given in 
equation (10). This condition is due to variation of surface tension caused by the non-uniform 
distribution of surfactants along the droplet surface which generates a Marangoni stress.  This 
causes a stress discontinuity or jump at the interface. The tangential stress boundary condition 
can thus be expressed as 
 ( ) ( ) ( ) ( ) ( )
at , .
1s e i s
r r
Ca
β
β
= ⋅ − ⋅ ⋅ − Γ ⋅ −
−
n n I nn I nnτ τ = ∇  (19) 
Finally, the surfactant concentration can be expressed in terms of solid spherical harmonics as 
 ( ) ( ) ( ), , ,
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Here the constant coefficients ,n mΓ  and ,ˆ n mΓ  are found out by solving the surfactant transport 
equation along with the governing equations for the flow field. 
A. Solution for s Pe 1  
 In this limit we assume the surface Péclet number to be of the same order as that of the 
Capillary number, Ca . That is ~sPe Ca . In a more mathematical format, this can be written in 
the following form 
 ,sPe kCa=  (21) 
where ( )1eq e sk a Dσ β µ= −  is a quantity of finite magnitude ( )( )~ 1O  and depends on the 
material properties solely. Thus for a given value of k  and β , droplet deformation is a function 
of the Capillary number only. Hence capillary number is chosen as the perturbation parameter 
for the asymptotic analysis. In this limit, we expand all flow variables in power series of Ca  in 
the following form 
 ( ) ( ) ( )0 2 ,Ca Ca O Caψ ψ ψ= + +  (22) 
where, ψ  denotes any generic flow variable. The first term on the right hand side of the above 
equation denotes the leading order term that considers zero deformation of the droplet. The other 
terms indicate the correction terms of ( )O Ca  or ( )2O Ca  due to deformation of the droplet. The 
local surfactant concentration, Γ  , on the other hand, is expanded in the following form34 
 ( ) ( ) ( )0 2 31 .CaCa Ca O CaΓ = +Γ +Γ +  (23) 
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 In order to satisfy equation (14) or the mass conservation constraint for the surfactants, 
the first term in the expansion for surfactant concentration is taken as 1. The leading order 
surfactant transport equation can be obtained by substituting equations (22) and (23) into 
equation (13) and is written as 
 ( ) ( )0 02 .s s sk∇ Γ = ⋅u∇  (24) 
We follow a strategic methodology to obtain the droplet migration velocity at different orders of 
perturbation.  
 (i) We first substitute equations (21), (22) and (23) into the leading order governing 
equations and boundary conditions for flow field, that is equations (9), (10) and (13) to obtain the 
leading order governing equations and boundary conditions.  
 (ii) Next the leading order flow field boundary conditions (except the normal stress 
balance) and the surfactant transport equation (equation (24)) are solved simultaneously to obtain 
the constant coefficients present in equation (16) and (18) as well as the local surfactant 
concentration for the leading order. From the expressions of these constant coefficients, the solid 
spherical harmonics are found out and substituted in equation (15) and (17) to obtain the leading 
order velocity and pressure fields. The expression of the leading order surfactant concentration, 
subsequently found out is given below 
 ( ) ( ) ( ) ( )0 0 0 01,0 1,0 2,1 2,1 3,0 3,0cos ,P P PϕΓ = Γ +Γ +Γ  (25) 
where the expressions of the constant coefficients ( )01,0 ,Γ  
( )0
3,0Γ  and 
( )0
2,1Γ  are provided in Appendix 
A.  
 (iii) The droplet migration velocity, both lateral and axial, at this order is found out by 
using the force-free condition. This condition is obtained by letting the net drag force acting on 
the droplet equal to zero and can be written as 
 ( ) ( )( )0 03 24 ,H r pπ −= =F 0∇  (26) 
where, ( )02p−  is a leading order decaying solid harmonic of degree 1. Thus the expression of the 
leading order solution for the droplet migration velocity is found out and is stated below 
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From the above expression, it is seen that the second term in the expression of the axial 
migration velocity above represents the correction term due to the presence of a non-uniform 
distribution of surfactants. It can be clearly seen that by substituting 0β =  in the above 
expression, we obtain the migration velocity for a clean droplet.  
 (iv) Upon obtaining the leading order solution, the normal stress balance at the deformed 
interface, ( ) ( ) ( ) ( )
2
21 , ,CaCasr r Cag Ca gθ ϕ θ ϕ= = + + , is used to calculate the ( )O Ca correction to 
the spherical shape of the droplet. Here ( )Cag  and ( )
2Cag  are the ( )O Ca  and ( )2O Ca  correction 
to the droplet shape. We make use of the orthogonality condition for associate Legendre 
polynomials on either sides of the normal stress balance to find ( )Cag . The expression for ( )Cag , 
thus calculated, is given below 
 ( ) ( ) ( )2,1 2,1 3,0 3,0cos ,
Ca Ca Cag L P L Pϕ= +  (28) 
where, the constant coefficients ( )2,1
CaL  and ( )3,0
CaL  are provided in Appendix A.  
 (v) Now that we have found out the ( )O Ca  deformation of the droplet, we proceed 
further and derive all the flow field boundary conditions and the surfactant transport equation at 
the deformed interface of the droplet, sr r= . The ( )O Ca  surfactant transport equation thus 
found out is given below 
 ( ) ( ) ( ) ( ){ }0 02 .Ca Cas s s sk∇ Γ = ⋅ + Γu u∇  (29) 
 (vi) The above equation along with the ( )O Ca  flow boundary conditions are again 
solved simultaneously to obtain the velocity and pressure fields for both the phases as well as the 
surfactant concentration for ( )O Ca  at the deformed surface. The expression for the ( )O Ca  
local surfactant concentration can be written as 
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where, the constant coefficients, ( )1,1 ,
CaΓ  ( )2,0 ,
CaΓ  ( )2,2 ,
CaΓ  ( )3,1 ,
CaΓ  ( )4,0
CaΓ  and ( )4,2
CaΓ , in the above 
expression can be expressed in a general form as follows 
 ( )
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( )
7 6 5 4 3 2
, , , , , , , ,
,
,
.
Ca Ca Ca Ca Ca Ca Ca Ca
Ca i j i j i j i j i j i j i j i j
i j Ca
i j
a k b k c k d k f k h k l k m
q
+ + + + + + +
Γ =  (31) 
The expressions of these constants are provided in Appendix A. The coefficient ( )0,0
CaΓ  is found 
out from the surfactant conservation relation applied on the droplet interface as given in equation 
(14).  
The ( )O Ca  axial as well as the lateral components of droplet migration velocity are obtained 
from the force-free condition for this order, which can be written as 
 ( ) ( )( )3 24 ,Ca CaH r pπ −= =F 0∇  (32) 
where, ( )2
Cap−  is an ( )O Ca  decaying solid harmonic of degree 1. The expressions of the different 
components of ( )O Ca  droplet migration velocity is given below 
 
( ) ( )
( )
4 3 2
1 2 3 4 5
6
,
0,Ca Caz y
Ca
x
c c
U
c
c
U
cU c eβ β β β


+ + + +
= =
= 

 (33) 
where, the expression of the constant 1 6c c−  are given in Appendix A. For a clean droplet 
( )0β =  we get from the above equation ( ) 5 6CaxU c c= , which is found to match exactly with that 
obtained by Chan and Leal for  Newtonian droplet.19  
 
B. Solution for s Pe 1  
 Contrary to the previous case for low surface Péclet number, we now assume that 
1 ~sPe Ca
− . We expand all the flow variables as well as the local surfactant concentration in a 
power series about Ca  similar to the case of 1sPe   (see equations (22) and (23)). The only 
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difference in this limiting case, as compared to the previous case is in the surfactant transport 
equation at different orders of perturbation. 
We again highlight the key steps towards obtaining the droplet migration velocity in this limit. 
 (i) The leading order governing equations as well as boundary conditions for flow field 
are obtained in a manner similar as done in the limiting case of 1sPe  . The surfactant transport 
equation for leading order is given by 
 ( )0 0.s s⋅ =u∇  (34) 
 (ii) The above equation along with the leading order flow field boundary conditions are 
solved simultaneously to obtain the solid spherical harmonics as well as the surfactant 
concentration. The surfactant concentration thus obtained for this order is given below 
 
( ) ( ) ( ) ( )
( ) ( ) ( )
0 0 0 0
1,0 1,0 2,1 2,1 3,0 3,0
0 0 0
1,0 2,1 3,02 2 2
cos ,
where,
2 1 5 1 7 1, , .
3 6
P P P
e
R R R
ϕ
β β β
β β β

Γ = Γ +Γ +Γ


− − − Γ = − Γ = − Γ =

 (35) 
 (iii) Now with all the leading order solid harmonics known, we calculate the axial as well 
as the cross-stream component of the leading order droplet migration velocity. We again make 
use of the force-free condition as given in equation (26). The final expression of the droplet 
migration velocity is given below  
 
( )
( ) ( )
2
0
2 2
0 0
21 ,
3
0,
z
x y
eU
R R
U U
 = − − 
 
= =
 (36) 
It is clearly seen from the above expression that there is no contribution of surfactant distribution 
on the leading order migration velocity of the droplet.  
              (iv) The ( )O Ca  deformation ( )( )Cag  are next obtained by using the orthogonality 
conditions for associate Legendre polynomial in the normal stress balance condition on the 
deformed droplet surface. The expression for ( )O Ca  correction to the droplet shape, ( )Cag , is 
provided below 
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 ( ) ( )
( ) ( )
2,1 2,1 3,0 3,0
2,1 3,02 2
cos ,
where,
5 7, .
3 12
Ca Ca
Ca Ca
g L P L P
eL L
R R
ϕ

= +



= − =

 (37) 
The above expressions for ( )O Ca  deformation can also be derived from equation (28) in the 
limit k →∞ .  
 (v) The ( )O Ca  solution for flow field and surfactant concentration are obtained in a 
similar manner by simultaneously solving the flow boundary conditions and the surfactant 
transport equation, derived at the deformed interface of the droplet. The surfactant transport 
equation derived on the ( )O Ca  deformed surface of the droplet, is given by 
 ( ) ( ) ( ){ }0 0 0.Cas s s⋅ + Γ =u u∇  (38) 
The ( )O Ca  surfactant concentration thus obtained is written below in the following form 
 ( )
( ) ( ) ( ) ( )
( ) ( ) ( )
2,0
4,0 4,2
0,0 1,1 1,1 2,0 2,2 2,2
3,1 3,1 4,0 4,2
cos co
,
s
cos cos 2
Ca Ca Ca Ca
Ca
Ca Ca Ca
P P P
P P P
ϕ ϕ
ϕ ϕ
Γ +Γ +Γ +Γ
Γ =
+Γ
  
 
 Γ Γ + +
 (39) 
where the expressions of the constant coefficients are provided in Appendix B. The general 
expression for ( )0,0
CaΓ  as given in Appendix A remains the same. 
 (vi) The expressions for ( )O Ca  droplet migration velocity can be obtained from the 
( )O Ca  force-free condition as was stated in equation (32) and is given below 
 ( ) ( ) ( )4
40, 3 , 0.
6
Ca Ca Ca
z x y
eU U U
R β
 
= = − − = 
 
 (40) 
As seen from the above expression, it can be inferred that the cross-stream migration velocity is 
always negative, that is, the droplet under the limit of high sPe  always migrates towards the flow 
centerline irrespective of the surfactant distribution along the surface of the droplet. 
 
IV. RESULTS AND DISCUSSION 
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 The main result of our present analysis are the droplet migration velocities as well as the 
cross-stream trajectories of the surfactant laden droplet for two different asymptotic limits: (i) 
low surface Péclet limit and (ii) high surface Péclet limit. We first start our discussion on the 
asymptotic limit of low surface Péclet number. 
A. Low surface Péclet number Limit 
The migration velocity of a surfactant covered droplet suspended in a Poiseuille flow is given by 
 
( ) ( ) ( )
( )
2
2 2 2
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2 41
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− + +       
  
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 
U e
e
  (41) 
The above expression explicitly shows the contribution of non-uniform distribution of 
surfactants along the surface of the droplet. By substituting 0β =  in equation (41) we get the 
droplet migration velocity for a clean droplet. From equation (41) it can be said that surfactant 
induced Marangoni stress alters both the axial as well as the cross-stream migration velocity. It 
can be seen from equation (41) that the axial component of droplet migration velocity is 
independent of the droplet deformation when shape corrections till ( )O Ca  is considered.  
1. Effect of the property parameter, k  
 We first show the variation of the axial droplet migration velocity with viscosity ratio in 
Fig. 2. In each of the figures, 2(a) and 2(b), the variation of droplet migration velocity is shown 
for different values of the elasticity parameter, ( )0,0.25,0.5β = . In Fig. 2(a) the variation of the 
axial migration velocity of the droplet is shown for 1k = , while in Fig. 2(b) the variation is 
shown for 3.k =  The other parameters involved in plot are mentioned in the caption of Fig. 2.  
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 It is seen that the axial droplet migration velocity decreases as the viscosity ratio is increased. At 
higher viscosity ratios the droplet effectively behaves as a particle, that is, there is hardly any 
effect of the variation of surface tension on the droplet migration velocity and hence there is no 
effect of variation of β  or k . From the definition of k  we can write 
 
( )1
.eqs
e s
aPek
Ca D
σ β
µ
−
= =  (42) 
We can see from the above equation that both the property parameter, k , as well as the elasticity 
parameter , β , are coupled. Hence we show the effect of each of the parameters separately by 
varying one of the parameters while keeping the other parameter constant. With an effort to show 
the effect of the property parameter, at first, we keep the elasticity parameter constant at 0.5β = . 
Comparing Fig. 2(a) and Fig. 2(b), we see that increase in the property parameter from 1k =  to 
3k = , reduces the axial migration velocity. The effect of k  is more prominent for the case of a 
bubble ( )0λ →  as compared to the case of a droplet with a high value of λ .  
 A proper explanation about the above nature of variation of axial droplet velocity with k  
can be given if we look into the variation of surfactant concentration and surface velocity about 
the droplet interface for different values of k  ( )1,3k =  as shown in Fig. 3. Due to increase in k , 
the convective transport of surfactants along the interface of the droplet increases. As the fluid 
flow is from the front end of the droplet ( )0θ =  to the rear end ( )θ π=  (refer to Fig. 3(b)), there 
is a higher concentration of surfactants at the rear end of the droplet compared to the front end 
and hence a lower surface tension at the rear end. Figure 3(a) confirms the fact that a higher 
Fig. 2. Variation of axial migration velocity of the droplet with λ , for different values of β , 
that is 0,0.25,0.5β = . In Fig. (a) 1k =  and in Fig. (b) 3k = . The other parameters involved 
are 5,R =  1e =  and 0.1Ca = . 
(a) (b) 
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value of k  results in a higher surfactant concentration at the rear end and  a lower concentration 
at the front end. Thus a higher surface tension gradient due to a larger k  result in a larger 
Marangoni stress acting opposite to the direction of imposed flow. Hence the axial migration 
velocity reduces. This causes the surface velocity of the droplet to decrease as well. 
 
 The variation of cross-stream migration velocity with the viscosity shows us some 
interesting outcomes. As above, we keep the value of β  fixed ( )0.5β =  and vary the property 
parameter k  ( )1,3k = . As seen from Fig. 4(a) and 4(b), the cross-stream velocity of a low 
viscous droplet decreases with increase in the viscosity ratio whereas for a highly viscous droplet 
there is an increase in the cross-stream velocity. For  1k = , a droplet with low viscosity is seen 
to migrate towards the centerline of flow. As λ  increases there reaches a point ( )0.75λ =  where 
the direction of droplet migration changes. It starts migrating away from the flow centerline. On 
further increase in λ , it again reaches a point where the droplet changes its trajectory again and 
starts moving towards the flow centerline. The change in the direction of motion of the droplet 
occurs at a much higher value of viscosity ratio ( )20λ = . Now on comparison of figures 4(a) 
and 4(b), it is seen that an increase in the value of the property parameter, k  always results in a 
reduction in the magnitude of the cross-stream migration velocity of the droplet, provided β  is 
kept constant. If we consider the case for 0.5β = , then looking into Fig. 4(a), we see that for 
Fig. 3. (a) Variation of surfactant concentration with the polar angle ( )θ  about a particular 
transverse plane ( )2ϕ π=  for different values of ( )1,2,3k = . (b) Variation of surface 
velocity with θ  along a transverse plane, 2ϕ π= , and for 1, 2,3k = . ,su θ  is the surface 
velocity at the droplet interface. The other parameters used in this plot are 5,R =  1,e =  
1,λ =  0.5β =  and 0.1Ca = . 
(a) (b) 
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1k =  a droplet with 1λ =  moves away from the flow centerline. However, for 3k =  (Fig. 4(b)), 
the same droplet ( )1λ =  continues to move towards the flow centerline. Thus variation in k  can 
cause change in the direction of motion of the droplet. The effect of variation of k  on the lateral 
migration velocity of the droplet is seen to be predominant for low viscous droplets or bubbles.  
 
 The cross-stream migration owes its origin to the asymmetry in surfactant distribution 
about the axial plane. As the droplet is placed in an eccentric location with respect to the flow 
centerline, the portion of the droplet in the vicinity of the centerline has a higher surface velocity 
as compared to the portion away from the centerline. If the droplet is placed below the centerline 
(refer to Fig. 1), the upper hemisphere of the droplet has a higher surface velocity as compared to 
lower hemisphere. Hence the surfactant concentration on the western part of the upper 
hemisphere of the droplet is higher as compared to the south west part of the lower hemisphere. 
This has been shown in the surface plot in Fig. 5, where the surfactant distribution is plotted for 
0.5,λ =  0.5β =  and 3.k =  It is quite complicated to show the variation of surfactant 
concentration on the deformed surface of a droplet due to the presence of the surface divergence 
vector. However if we project the surfactant distribution to an undeformed spherical droplet as 
( )2srΓ = Γ ⋅n r  the surface divergence vector can be evaluated on a sphere.38 Due to a higher 
surfactant concentration on the north-western portion of the droplet, the surface tension at that 
region of the droplet is low. Hence a net gradient in surface tension in the transverse direction is 
present which the drives the droplet in the cross stream direction. In the present case, as shown in 
Fig. 5, there is a higher surface tension in the south-eastern portion of the droplet as compared to 
the north-western portion and hence the droplet migrates towards the flow centerline. This is the 
Regime 1 
Regime 2 Regime 3 
Fig. 4. Variation of cross-stream migration velocity of the droplet with λ , for different values 
of β , that is 0,0.25,0.5β = . In Fig. (a) 1k =  and in Fig. (b) 3k = . The other parameters 
involved are 5,R =  1e =  and 0.1Ca = . 
(a) (b) 
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‘Regime 1’ in the variation of the cross-stream migration velocity as shown in Fig. 4(b). 
However, depending on the value of ,λ  k  and β , the surfactant distribution gets altered such 
that the direction of transverse migration of the droplet may change as shown in ‘Regime 2’ of 
the above figure. 
 
 Figure 6 supports the nature of variation of the cross-stream droplet migration velocity. In 
this figure the surfactant distribution on both transverse as well as axial planes of the droplet are 
shown. Figure 6(a) shows the variation of surfactant concentration with the azimuthal angle in 
two different planes ( )4,3 4θ π π=  on either side of the axial plane ( )0θ = . As can be seen 
from this figure there is an asymmetry in the surfactant distribution about the axial plane when 
the droplet is placed at an off center position. This is the reason for the lateral migration of the 
droplet towards the flow centerline. The value of the different parameters used in this figure are 
1,k =  1,λ =  0.5,β =  1,e =  and 5.R =  In Fig. 6(b), k  has been increased to 3. As a result, the 
maximum value of surfactant concentration ( )maxΓ  at the 4θ π=  plane increases and the 
minimum value ( )minΓ  at 3 4θ π=  plane decreases because of increased surfactant transport 
due to convection along the droplet surface. Thus with increase in k , the magnitude of 
max minΓ −Γ  increases, which causes a higher surface tension gradient and hence a larger 
surfactant Marangoni stress acting in the transverse direction. Hence the cross-stream migration 
velocity decreases. Fig. 6(c) and 6(d) show the surfactant distribution in two planes 
( )4,3 4ϕ π π=  on either side of the transverse plane ( )0ϕ =  for two different values of k . In 
Fig. 5. Surface plot showing the distribution of the surfactants along the droplet surface for 
0.5β = and 3k = . The other parameters involved in the above plot are 5,R =  1,e =  0.5λ =  
and 0.1Ca = . 
 
Transverse plane 
Axial plane z
x
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each of the plane we can see from Fig. 6(c) and 6(d) there is an asymmetry in the surfactant 
distribution that cause the axial migration of the droplet. 
 
 
2. Effect of the elasticity parameter, β  
 The effect of β  on the migration velocity of the droplet is next investigated. This time 
we keep the property parameter a constant and vary β . Referring back to Fig. 2(a) and 2(b), we 
see in each of the figures that increase in β  ( )0,0.25,0.5β =  leads to a decrease in the  axial 
migration velocity of the droplet. This decrease in the magnitude of the axial velocity is higher 
Fig. 6. Variation of surfactant concentration with the azimuthal angle along two axial planes 
( )4,3 4θ π π=  for (a) 1k =  and (b) 3k = . Surfactant distribution plotted with respect to 
polar angle along two transverse planes ( )4,3 4ϕ π π=  for (c) 1k =  and (d) 3k = . The 
other parameters used in this plot are 5,R =  1,e =  1,λ =  0.5β =  and 0.1Ca = . 
(a) (b) 
(c) 
(d) 
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for a larger value of k . The ‘blue solid line’, indicates the variation of axial velocity for a clean 
droplet. The droplet migration velocity is the largest for this case. The effect of β  is more 
prominent for a low viscous droplet as compared to a highly viscous one.  
 
 A physical reasoning for such effect of β  on the droplet dynamics can be provided by 
considering the significance of β . Increase in the value of β , in fact, increases the sensitivity of 
surface tension towards the surfactant distribution on the droplet surface. That is, for the same 
surfactant distribution, the region near the rear stagnation point having a higher surfactant 
concentration has a rather lower surface tension for a higher value of β . In a similar manner, the 
region near the front stagnation point has a higher surface tension for a larger value of β . Thus 
effectively the surface tension gradient along the droplet surface increases for a higher β , 
resulting in an increase in the surfactant induced Marangoni stress opposing the motion of the 
droplet. Hence the axial migration velocity of the droplet decreases (Fig. 2). Due to the reduction 
in axial velocity, the surface velocity of the droplet also reduces with increase in β  (Fig. 7(a)), 
leading to a decrease in surfactant concentration gradient about the droplet surface ( )minmaxΓ −Γ  
as shown in Fig. 7(b).  
Fig. 7. (a) Variation of surface velocity with θ  along a transverse plane, 2ϕ π= , and for 
0,0.25,0.5β = . (b) Variation of surfactant concentration with the polar angle ( )θ  about a 
transverse plane ( )2ϕ π=  for different values of ( )0,0.25,0.5β = . The other parameters 
used in this plot are 5,R =  1,e =  1,λ =  2k =  and 0.1Ca = . 
 
(b) (a) 
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  Now we look into the effect of β  on the cross-stream velocity of the droplet for a fixed 
value of k . We again refer to Fig. 4(a) where we see the variation of the cross-stream velocity of 
the droplet with λ  for different value of ( )0,0.25,0.5β = . We see that for low viscous droplets 
( )0.75λ ≤ , increase in β  reduces the droplet migration velocity, whereas for higher viscous 
droplets ( )10.5 0.75λ≥ ≥  larger β results in an increase in the lateral migration velocity of the 
droplet or a change in the direction of cross-stream migration of the droplet altogether, provided 
k  is kept constant. For even higher viscous droplets ( )11λ ≥ , there is hardly any influence of 
the surfactant distribution on the droplet migration as it effectively behaves as a particle and 
Fig. 8. Variation of surface tension as well as surfactant concentration along two axial planes 
( )4,3 4θ π π= . Fig. (a) and Fig. (c) shows the variation of σ  for 0.25β =  and 0.5β =  
respectively. Fig. (b) and Fig. (d) shows the variation of Γ  for 0.25β =  and 0.5β =  
respectively. The other parameters are 0.5,λ =  3,k =  0.1,Ca =  1e =  and 5.R =  
(a) (b) 
(c) (d) 
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hence always migrates towards the flow centerline. In Fig. 4(b), we see that for 1,λ =  3k =  and 
0.5β = , a droplet migrates to the flow centerline. However, when the value of β  is reduced to 
0.25  the same droplet starts migrating away from the flow centerline.  
 
 A physical reasoning for the nature of variation of the cross-stream migration velocity 
can be given if we look into the variation of surfactant concentration and associated variation in 
surface tension across the axial plane of the droplet. In Fig. 8(b) we have shown the variation of 
surfactant concentration along two axial planes ( )4,3 4θ π π=  for 0.5,λ =  0.25β =  and 
3.k =  The corresponding variation in surface tension is shown in Fig. 8(a). Clearly, it can be 
seen that there is an asymmetry in the variation in surface tension in either of the axial planes 
which is the reason for the transverse migration of the drop. Increase in the value of β  from 0.25 
to 0.5 results in an increase in the sensitivity of surface tension towards the surfactant 
distribution along the droplet surface. As a result the surface tension, for the case of 0.5β = , in a 
region of higher (lower) surfactant concentration decreases (increases) as compared the case 
when 0.25.β =  It is seen on comparison of Fig. 8(a) with Fig. 8(c) that the surface tension 
gradient ( )max minσ σ−  increases. This increase in surface tension in between the two axial 
planes result in an increase of the Marangoni stress which acts against the cross-stream motion of 
the droplet, that is in the direction away from the flow centerline. As a result the cross-stream 
migration velocity reduces with increase in β , which can be seen in the ‘Regime 1’ of Fig. 4. 
Fig. 9. Variation of the surface tension gradient along the transverse plane ( )2ϕ π=  with β  
for three different values of ( )1,2,3k = . The other parameters are 0.5,λ =  0.1,Ca =  1e =  
and 5.R =  
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Due to the decrease in the migration velocity, the surface velocity of the droplet also reduces 
which results in reduced surfactant transport. Hence the surfactant concentration gradient 
( )max minΓ −Γ  along either of the axial planes, 4,3 4θ π π= , reduces with increase in β . This 
can be noticed on comparison of Fig. 8(d) with Fig. 8(b). For the other regimes, a similar 
reasoning can be given to support the nature of variation of the cross-stream migration velocity 
with λ . 
 The driving force resulting in the migration of the droplet in the flow field originates 
from the variation of the surface tension along the droplet surface. To get a further insight 
regarding the transverse migration of the droplet, we plot the variation in surface tension gradient 
( )max minσ σ−  with β  for different values of k  in Fig. 9. This surface tension gradient is 
obtained by taking the difference of the maximum and the minimum surface tension along the 
transverse plane, 2ϕ π= . We see that, in general, increase in both β  (for a fixed value of k ) 
and k (for a fixed value of β ) increases the surface tension gradient and hence the Marangoni 
stress. However, if the value of β  is increased largely ( )0.6β > , reduction in surface tension 
gradient is seen to occur that causes a decrease in the Marangoni stress and hence an increase in 
the cross-stream migration velocity. Thus there is a ‘peak’ formation in Fig. 9 which denotes the 
magnitude of the maximum value of the surface tension gradient. On the right (left) side of the 
‘peak’ increase in β  decreases (increases) the surface tension gradient, provided k  is kept 
constant. However, increase in the value of k  shifts the ‘peak’ towards the left and the increase 
of surface tension gradient with β  becomes steeper. We in our analysis, for the limiting case of 
1sPe  , have considered 0.5.β ≤  
 We now highlight the effect of both the parameters k  and β  on the cross-stream 
migration velocity of the drop with the help of a contour plot as shown in Fig. 10. If we look 
carefully into Fig. 4 (a) and Fig. 4(b), we can clearly see that there are three regimes of variation 
of the cross-stream migration velocity. These three regimes have been shown in the contour plots 
in Fig. 10. In the first regime, for a low viscous droplet ( )0.1λ = , increase in k  greatly reduces 
the lateral migration velocity (Fig. 10(a)). The parameter β , for such a low viscous drop, has 
also the same effect on the cross-stream migration velocity of the droplet, however, the 
magnitude of the decrease in the cross-stream droplet velocity with increase in β  is far less as 
compared to the effect of k . In this regime, no change in the direction of lateral migration of the 
droplet occurs and it thus always move towards the centerline of flow. For the second regime 
with a moderate value of λ , say 1λ = (Fig. 10(b)), for low values of both β  and k , the droplet 
migrates away from the flow centerline. With increase in both the parameter values the cross-
stream velocity of the droplet reduces until it reaches a point where for a particular pair of values 
of β  and k , there occurs no cross stream migration velocity of the droplet. On further increase 
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in values of β  and k , the cross-stream migration velocity of the droplet, which now migrates 
towards the centerline of flow. The third regime considers the case of a highly viscous droplet 
( )1λ   and is shown in Fig 10(c). Here increase in both β  and k  increases the cross-stream 
migration velocity of the droplet, although the increase in the magnitude of the velocity is small. 
For this regime there is no change in the direction of migration of the droplet and the droplet 
migrates towards the flow centerline. 
 
 
 The above variation of cross-stream migration velocity is due to both shape deformation 
as well as the tangential Marangoni stress on the droplet interface. The tangential Marangoni 
stress is represented by ( ){ }1 sCaβ β− Γ∇ . The non- uniform distribution of surfactants on the 
(a) (b) 
(c) 
Fig. 10. Contour plot showing the variation of cross-stream migration velocity for the three 
regimes.  Fig. (a) shows the first regime for 0.1λ = , Fig. (b) shows the second regime for 
1λ =  and Fig. (c) shows the third regime where 20.λ =  The other parameters involved in the 
above plot are 5,R =  1e =  and 0.1Ca = . 
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surface of the droplet, due to the imposed flow, is responsible for either of the effects: droplet 
deformation and generation of Marangoni stress. As the surfactant distribution on the surface of 
the droplet is affected by both β  and k , either of them are also responsible for affecting the 
droplet deformation as well as the Marangoni stress.  
 We next look into the effect of both β  and k  on the temporal variation of the lateral 
position of the droplet. We obtain the lateral migration of the droplet as function of time by 
substitution of xU de dt=  in the expression of the x-component of velocity as given in equation 
(41). The solution for the lateral position of the droplet, e , as a function of time, t  is given 
below 
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 (43) 
Here ( )0 0e e t= =  is the initial position of the droplet and ct  is the characteristic time constant. 
When 0ct > , there is an exponential decrease in the distance between the initial position of the 
droplet and the flow centerline. The larger the magnitude of ct , the quicker the droplet reaches its 
steady state position.  
 
Fig. 11. Variation of time constant ct  with β  for different values of k . The values of the 
other parameters are 5,R =  0.1λ =  and 0.1.Ca =  
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For 0.1λ = , higher β  values results in higher values of ct . This can be seen from Fig. 11 where 
we have shown the variation of the characteristic time constant with β  for different values of k . 
It is seen from this figure that increase in β  for a constant value of k , or increase in k  for a 
constant value of β  increases ct . Hence the time required for the drop to reach its steady state 
position, in either of the cases, decreases.  
 
 Comparing Fig. 12(a) with 12(c), we see that for a system with 0.5β = , the time taken 
by a low viscous droplet ( )0.5λ =  to reach its steady state position is less as compared to the 
Fig. 12. Temporal variation of the lateral migration of the droplet is shown for three different 
cases of varying k  and β  namely (a) 3, 0.25k β= = , (b) 1, 0.5k β= =  and (c) 
3, 0.5k β= = . Each of the above plots are shown for three separate values of ( )0.5,5,50 .λ =  
The other parameters are 5R =  and 0.1Ca = . The initial position of the droplet is taken as 
( )0 1e t = = . 
(a) (b) 
(c) 
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case for which 0.25,β =  provided k  is kept constant. Also we can see from comparison 
between Fig. 12(b) and 12(c) that for a constant value of ( )0.5β = , increase in the value of k  
reduces the time taken by the droplet to reach its steady state position, when 0.5.λ =   
 It can also be seen from the figures above that both variation in β  and k  can cause 
change in direction of lateral migration of the droplet. Comparing Fig. 12(a) with 12(c), we see 
that for 1λ = , the droplet, which initially was migrating towards the centerline of flow for 
0.5β = , starts migrating away from the centerline for 0.25β = . The value of k  is kept constant 
at 3. Again on comparison of Fig. 12(b) and Fig. 12(c), we see that a decrease in the value of k  
from 3k =  to 1k =  results in a change in direction of lateral migration of the droplet, provided 
β  is kept constant ( )0.5β = . However, a low viscous droplet ( )0.1λ =  migrates towards to the 
centerline irrespective of the value of k . 
 
B. High surface Péclet number Limit 
In this limit the droplet migration velocity can be expressed as 
 
2
2 2 4
2 41 3 .
3 6z x
e eCa
R R R β
     = − − − −     
      
U e e  (44) 
From the above expression it can be said that the axial velocity in this limit is independent of the 
surfactant distribution. It can be seen that the ( )O Ca  correction to the droplet migration velocity 
is always negative. It can also be inferred from the above expression that the leading order 
solution for droplet migration velocity is the same as that for a rigid spherical particle in a 
Poiseuille flow. This, however, is not true if ( )O Ca  correction in droplet migration velocity is 
taken into consideration. For the cross-stream migration velocity, there is a clear dependence on 
β . We first show the effect the elasticity parameter, β  on the cross-stream migration velocity of 
the droplet.  
 
 1. Effect of the elasticity parameter, β  
 As can be seen from the expression of cross-stream component of the migration velocity 
in equation (44), there is no dependence of the same on λ . Thus we show the variation of the 
cross-stream migration velocity with β  in Fig. 13. As seen from Fig. 13, the cross-stream 
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migration velocity of the droplet decreases rapidly with increase in β . The cross-stream velocity 
vanishes asymptotically with further increase in β . 
 
 An explanation can be given if we look into the surface plot for the surfactant distribution 
over the droplet surface (Fig. 14). Fig. 14 shows the distribution of surfactants by projecting it  
on an undeformed spherical droplet surface using the transformation ( )2srΓ = Γ ⋅n r , where Γ  
denotes the projected surfactant concentration.  
 
Fig. 13. Variation of cross-stream migration velocity of the droplet with β . The different 
parameters used for this plot are 5,R =  1,e =  and 0.1Ca = .  
 
Fig. 14. Surface plot showing the distribution of the surfactants along the droplet surface for 
(a) 0.1,β =  (b) 0.6β =  (c). The other parameters involved in the above plot are 5,R =  1,e =  
0.1,λ =  50k =  and 0.1Ca = . 
z
x
(a) (b) 
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It is seen that increase in β  increases the sensitivity of surface tension towards the surfactant 
distribution along the droplet surface. Thus for the same non-uniform distribution of surfactants 
along the droplet surface, there is a higher gradient in surface tension for a higher value of β . 
Hence a higher value of β  ensures a larger value of Marangoni stress, which prevents the 
droplet from migrating towards the flow centerline and thus reduces the migration velocity of the 
droplet. This in turn results in a decrease in the surface velocity of the droplet and hence a 
reduction in the non-uniformity in surfactant distribution. In other words, magnitude of 
max minΓ −Γ  as can be seen on comparison between Fig. 14(a) and Fig. 14(b), reduces with 
increase in .β   
 Now we look into the time variation of the lateral position of the droplet for different 
values of ( )0.1,0.3,0.6β = . The other parameters used are 1, 5e R= = . We proceed in a manner 
as was done for the limiting case of 1sPe  . We obtain an expression for the transverse position 
of the droplet as a function of time by substituting xU de dt=  in the expression for the x-
component of droplet migration velocity. On integration of the same equation, we obtain the 
lateral position of the droplet as. 
 
( ) 0
4
exp ,
where,
4 3
6
.
c
c
te t e
t
Cat
R β
 
= −  
  


  = −    
 (45) 
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 From the equation (45) it can be seen that a decrease in the value of β  increases ct  and thus the 
time required for the droplet to reach its steady state position decreases. This is exactly seen in 
Fig. 15, that is, the time taken by the droplet to reach the flow centerline is larger for a higher 
value of β . This is expected as the cross-stream migration velocity reduces with increase in β . 
It is also seen from Fig. 15 that the droplet always migrates towards the centerline of flow. 
C. Comparison with the results of Pak et al. (2014) and Hanna and Vlahovska 
(2010) 
 As was mentioned in the introduction, Pak et al as well as Hanna and Vlahovska had 
found out the droplet migration velocities for the two different limiting conditions namely: (i) 
1sPe   and (ii) 1sPe  , respectively without considering the effect of shape deformation. We, 
in our present problem, however, have considered the effect of small shape deformation. In order 
to show the effect of the same on the cross-stream migration velocity of the droplet, we compare 
the result obtained in our work with each of theirs. For the low surface Péclet number limit, we 
see that the cross stream migration velocity of a deformable surfactant laden droplet is almost 3 
times higher than that obtained by Pak et al for a spherical surfactant covered droplet.33 The 
different parameters used for the purpose of this comparison are: 0.1,sPe =  1,k =  0.5,β =  
=1,λ  1e =  and 5.R =  For the other limiting case of 1sPe  ,the magnitude of the lateral 
migration velocity is higher than that obtained by Hanna and Vlahovska.32 The deformation of a 
surfactant laden droplet effectively enhances its cross-stream migration velocity. 
 
Fig. 15. Variation of the transverse position of the droplet with time for different values of 
( )0.1,0.3,0.6β . The other parameters involved are 5,R =  50k =  and 0.1Ca = . 
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V. CONCLUSION 
In this paper, we have investigated the droplet motion in the presence of three effects, namely 
presence of a bulk flow, shape deformation of the droplet and Marangoni stress induced by the 
non-uniform distribution of the surfactants. Assuming negligible inertial effects and thermal 
convection, we have asymptotically solved for the surfactant concentration as well as the flow 
field for the following two limits: (a) surfactant transport dominated by surface diffusion that is 
1sPe  , (b) surface convection dominated surfactant transport or 1sPe  . Analytical 
expressions for the droplet velocity, both axial and transverse components, are obtained for 
either of the above mentioned limits. Some of the important points in the present analysis are 
mentioned below 
 (i) For small sPe , increase in either β  or k , reduces the axial velocity of the droplet, the 
decrease in the velocity being larger for the case of low viscous droplet. 
 (ii) For small sPe , cross-stream migration of the droplet can be broadly divided into three 
regimes. In the first regime ( )~ 0.7λ ≤ , increase in both β  and k  decreases the droplet velocity 
but the droplet always migrates towards the channel centerline without any change in direction. 
In the second regime ( )~ 0.75 10.5λ≤ ≤ , there is an increase in the cross-stream migration 
velocity of the droplet with an increase in either β  or k . In this regime reversal in the direction 
of droplet migration may take place depending on the values of β  and k , that is the droplet may 
migrate away from the centerline of flow. In the third regime ( )~ 11λ ≥ , the droplet always 
migrates towards the centerline of the flow. Change in either β  or k  hardly has any effect on 
the cross-stream velocity of the droplet. 
 (iii) Under the limit of small sPe , it is seen that for ( )~ 1Oλ , the droplet starts migrating 
away from the flow centerline if either of the parameters, β  or k , is decreased. For any other 
value λ , the time required for the droplet to reach a steady state position decreases with increase 
in either k  or β . 
 (iv) For high sPe , the axial velocity is found to be independent of the surfactant 
distribution. However, the cross-stream migration velocity is dependent directly on the elasticity 
parameter β , which when increased results in a rapid fall of the lateral migration velocity. The 
droplet, in this limiting condition, always moves towards the centerline of flow without any 
change in its direction.  
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APPENDIX A: EXPRESSION OF THE CONSTANT COEFFICIENTS PRESENT IN 
EQUATIONS (25), (28), (33), (30) AND (31) 
The constant coefficients present in the expression of the leading order surfactant concentration 
for the low sPe  limiting condition, given in equation (25), are written below 
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The constant coefficients present in the expression for ( )O Ca  correction to the droplet shape for 
the low surface Péclet limit is given below 
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The expressions for the constants in ( )O Ca  surfactant concentration as shown in equation (31) 
are given below 
(i) For 0, 0i j= =  
 ( ) ( ) ( ) ( ) ( ) ( ){ } ( ){ }2 20 00,0 2,1 2,1 3,0 3,0 2,1 3,06 2 6 55 7 5 7
Ca Ca Ca Ca CaL L L LΓ = − Γ − Γ − −  (A3) 
(ii) For 1, 1i j= =  
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The constants present in the expression of the ( )O Ca  cross-stream migration velocity (equation 
(33)) for the low surface Péclet number limit is given below 
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APPENDIX B: EXPRESSION OF THE CONSTANT COEFFICIENTS PRESENT IN 
EQUATION (39) 
The constant coefficients present in the expression of surfactant concentration in limiting case of 
1sPe  , are given by 
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